The Römelsberger index on S 3 × R serves as a powerful test for conjectured dualities, relying on the claim that this object is an RG-invariant. In this work we support this claim by showing that the singularities suggested by Witten of "states moving in from infinity" are excluded on S 3 × R. In addition, we provide an application of the Römelsberger index, in the form of a constraint on the RG flow of supersymmetric theories. The constraint, which applies for asymptotically free theories with unbroken supersymmetry and non-anomalous R-symmetry, is the following: if the R-charges of the chiral multiplets in the UV theory are q i ∈ (0, 2) and the IR theory can be described as a free theory of chiral bound states, then the R-charges of these bound states,q j , are constrained such thatq j ∈ (0, 2). We thus provide a proof of a weak version of a conjecture proposed by Intriligator. We mention some applications of this result.
Introduction
Supersymmetric field theories on curved manifolds have become an active field of study in recent years, since new observables turned out to be exactly calculable on curved spacetimes [1] [2] [3] [4] [5] [6] [7] [8] [9] . One such observable is a Witten-like index on S 3 × R, which is sometimes referred to as the "superconformal index." This index was first introduced in [1] and independently in [2] . In the latter it was defined for superconformal theories, where the index can be interpreted as a partition function on R 4 in radial quantization. Since we do not limit ourselves to superconformal theories, we will refer to the index as "the Römelsberger index."
Like the Witten index, the Römelsberger index is independent of continuous deformations of the theory. Therefore, if the theory is continuous in the coupling constants, the index is independent of the couplings and, in particular, an RG-invariant. Independence of the couplings is the property that makes the index useful: it allows one to calculate the index in the free theory and by that to capture the behavior of a non-perturbative theory without having to worry about the complications caused by the interactions.
The Römelsberger index is used as a test for conjectured dualities: since the index was introduced, it was computed for many pairs of dual theories, and the results always matched [4, [10] [11] [12] [13] [14] . These matchings are highly non-trivial: the indices turn out as integrals of elliptic hypergeometric functions, which by themselves form an active field of mathematical research [15] [16] [17] [18] . It turned out that the identities that were needed in order to show equality of the indices of dual SQCD's, for example, were proved by mathematicians only a few years before they were obtained by Dolan and Osborn as the condition for the matching of the indices [4] . The Römelsberger index therefore provides a new, powerful, test for duality.
Motivated by the remarkable matching between indices of dual theories, followed a series of suggestions of new dualities and new mathematical identities, based on calculations of indices [11] [12] [13] 19] . The superconformal index technique was also applied to test conjectured dualities in theories with extended supersymmetry [20, 21] .
The highly non-trivial agreement between indices of dual theories also supports the claim that the index is invariant under the RG flow. This is because the duality tests used indices that were computed using the free theory, even for theories that are not IR free. It is therefore widely believed that the Römelsberger index is an RG-invariant.
Yet, as Witten demonstrated in [22] , couplings that govern the large field behavior of the scalar potential can cause singularities that destroy the invariance of the index. Our first goal in this work is to explain why, even though couplings that are dominant in the large field limit may appear in the interacting theory, they cannot cause any singularity that threaten the invariance of the Römelsberger index.
To define the Römelsberger index one needs to choose a supercharge Q. The index counts zeros of {Q, Q † }, weighted by their eigenvalues under a set of operators, which commute with Q and with each other, and accompanied by a sign, which is negative for fermionic states and positive for bosonic states.
In this work, we studied a free theory of chiral multiplets on S 3 × R by expanding the fields in S 3 spherical harmonics, and we found that each term in the decomposition of the bosonic part of {Q, Q † } is equivalent to a Landau Hamiltonian (in the symmetric gauge) describing an electron in a constant magnetic field. The role of the magnetic field is played by the inverse of the radius of S 3 . The eigenfunctions of {Q, Q † } in field space are the same as the eigenfunctions of the Landau Hamiltonian in position space, and therefore they decay exponentially with the magnitude of the scalar fields. We used this result to exclude a singular disappearance of low states when a superpotential is switched on: since the eigenfunctions whose eigenvalues we count are concentrated in a region in field space in which the superpotential is small, states of zero {Q, Q † } may gain a positive eigenvalue, but only in a way which is continuous in the coupling constants. The index is invariant under such continuous changes. The full argument to exclude these singularities appears in section 2.4. The same argument shows that singularities in the scalar potential do not appear also when a gauge coupling is switched on.
In the second part of this work we prove a constraint on the RG flow of asymptotically free theories of chiral and vector multiplets, with unbroken supersymmetry and a non-anomalous Rsymmetry. Assuming:
• The R-charges of the chiral superfields of the UV theory are q i ∈ (0, 2).
• The IR theory is a free theory of chiral bound states with R-chargesq j .
then:
•q j ∈ (0, 2).
When applied to theories that contain only one anomaly free R symmetry, this constraint is a weak version of a conjecture suggested by Intriligator. In [23] Intriligator proposed a criterion for determining the IR phase of 4d quantum field theories, according to which the correct IR phase is the one with the larger conformal anomaly a. He also suggested a stronger conjecture: "an operator can become IR free only if that results in a larger conformal anomaly a." For supersymmetric theories a is given in terms of the superconformal R-charges, which are determined using a-maximization [24] . An operator with R charge > 5/3 will contribute to a more than a free operator with R-charge 2/3 and therefore, for supersymmetric theories, Intriligator's stronger conjecture translates into: "operators with R-charge > 5/3 do not become IR free" [23] . This is the conjecture that is stronger than what we have proven. Note that the constraint we proved applies only to IR free theories, while Intriligator's conjecture applies also to theories where some operators become free and decouple, while the others interact between themselves.
Naively, the constraint above follows directly from the invariance of the index under the RG: the contribution of a chiral multiplet to the index takes the form
where q is the R-charge of the chiral multiplet. I(t, y) includes negative powers of t if q > 2 and therefore invariance of the index under the RG flow seems to imply a constraint similar to the one suggested above. However, for (1) to have a conventional interpretation as a generating function, with a good formal expansion at t = 0, we need to take q ∈ (0, 2]. Since the interpretation of (1) for q / ∈ (0, 2] is not currently clear to us, we prefer not to use the index in the argument proving the constraint.
Instead of using the full index, we used the fact that the difference between the number of bosonic and fermionic states that belong to the kernel of {Q, Q † } and have a specific set of eigenvalues under our set of commuting operators does not depend on the coupling constants. In section 3 we argue that if the constraint is not satisfied we get a contradiction with this rule.
The constraint above can be used to determine the correct IR phase for the model studied by Intriligator, Seiberg and Shenker in [25] , which is an SU (2) gauge theory with one chiral superfield Q αβγ in the 3/2 representation. This theory has one anomaly free R-symmetry, under which Q has R-charge 3/5. The basic gauge invariant operator in this theory is u = Q αβγ Q αβρ Q σλγ Q σλρ , with Rcharge 12/5. In [25] two possibilities were suggested for the IR phase of this theory near u = 0. The first was a free theory of confined composites, with the only massless fields being the u quanta, and the second was an interacting superconformal field theory. The first possibility was considered more likely to be the correct IR phase due to non-trivial 't Hooft anomaly matching. However, in [26] it was demonstrated that non-trivial anomaly matchings are sometimes misleading. Since then, several works have suggested that the correct IR phase is actually the interacting superconformal theory [23, [27] [28] [29] . According to our constraint this is indeed the case, since the IR free phase contains a bound state u with R-charge 12/5 > 2, and is therefore excluded. The Römelsberger index was already used to determine the IR phase of this theory in [28] . We used a slightly different argument in our proof of the general constraint, since the physical interpretation of (1) for q > 2 is not clear to us.
The outline of the paper is as follows. Section 2 starts with a theory of free chiral multiplets on S 3 × R, which was constructed in [7] . We use an expansion in S 3 spherical harmonics to investigate this theory. The quantization of each mode of the theory is identical to the quantization of the Landau Hamiltonian in the symmetric gauge, and results in eigenstates that are localized around the origin of field space. We reproduce the Römelsberger index and use the localized eigenfunctions to claim that the singularities threatening the invariance of the index do not appear. In section 3 we prove the constraint discussed above. In appendix A we summarize the conventions we use and in appendix B we collect some of the useful properties of the spherical harmonics on S 3 . In appendix C we couple gauge fields to the theory of section 2 and use the mode decomposition of this theory to reproduce the gauge multiplet contribution to the index. The isometry group of S 3 is SU (2) L × SU (2) R . The supercharges Q α sit in a doublet of SU (2) L and are singlets under SU (2) R . The generators of the two SU (2)'s will be denoted by J i L and J i R (i = 1, 2, 3). In addition, for the theory to conserve time-independent supercharges, it must conserve a U (1) R symmetry, with generator R [7] . The anticommutation relations of the supercharges are [7] {Q α ,Qα} = −2σ
where H is the generator of translations along R, and r is the radius of S 3 (our conventions for the sigma matrices are summarized in appendix A). In particular,
To define the Römelsberger index we choose the supercharges Q 2 and Q † 2 , which commute with the symmetries R + J 3 L and J 3 R . To regulate the index and to store more information in it, two fugacities t and y, corresponding to the symmetries R + J 3 L and J 3 R , are introduced into the index. These fugacities were recently identified as coordinates on the moduli space of complex structures on S 3 × S 1 [6] . The index is then defined as 1
where
2 } and (−1) F is defined to equal 1 on bosonic states and −1 on fermionic states.
I does not depend on the parameters of the theory, as long as the dependence of the low ∆ 2 states and their eigenvalues on these parameters is continuous, and as long as the operators R + J 3 L and J 3 R do not depend on these parameters. For example, I is independent of a coupling constant if the dependence on this coupling is continuous, but it does depend on the R-charges of the chiral multiplets, since R + J 3 L depends on these charges. In [22] Witten demonstrated that on T 4 , the set of low energy states may depend discontinuously on a coupling constant, thus allowing a discontinuous dependence of Tr(−1) F on this coupling. He considered the potential:
For g = 0 low energy states correspond to eigenfunctions f (φ) concentrated around φ = 0. For g = 0 low energy eigenfunction f (φ) can be large also in a small region around φ = m/g. Since m/g tends to infinity when g tends to zero Witten referred to this situation as new low energy states "moving in from infinity." We wish to show that singularities of this type cannot appear on
We start by considering a supersymmetric theory of a free chiral superfield Φ = (φ, ψ, F ) with R-charge q on S 3 × R. We next quote results of [7] , in which this theory was derived.
The supersymmetric lagrangian describing a free chiral superfield on S 3 × R is given by:
where ∇ represents the covariant derivative on the sphere. The SUSY variations of the fields are:
1 We could have used an equivalent index:
where ∆1 = The action defined by (6) is invariant under the transformations (7) as long as the SUSY spinor satisfies:
Equation (8) is a special case of Killing spinor equation discussed in [7] .
Mode Expansion
In this section we study the mode decomposition of the theory, which is obtained by expanding the fields in S 3 spherical harmonics. The properties of these functions and the conventions we use for them are summarized in Appendix B.
We expand φ and F in scalar spherical harmonics {φ k,m,n }, and ψ in spinor spherical harmonics {ψ ǫ k,m,n }:
The mode decomposition of the Lagrangian (6) is given by:
We also expand the SUSY spinor ξ in spinor spherical harmonics. ξ is constrained by equation (8) such that only 2 modes survive:
where ξ 1 and ξ 2 are constant grassman numbers. By setting ξ 1 = 0 in the Noether procedure we pick the supercharge Q 2 . As we are interested in the the eigenfunctions and zero modes of the operator {Q 2 , Q † 2 }, we write this operator as a sum of decoupled positive-semidefinite operators:
In the bosonic part we have operators of the form:
After switching to real variables
and denoting
we obtain:
For k = m modes, ∆ B k,k is the Hamiltonian of an electron in a constant magnetic field, with the Landau levels shifted by − ω k 2 such that the lowest energy is zero (more precisely, the Hamiltonian for an electron in a constant magnetic field assumes this form in the symmetric gauge). The eigenfunctions of this operator are most easily expressed in terms of polar coordinates (ρ, ϕ) as:
where L |m| n is a generalized Laguerre polynomial,m is an integer,ñ a non-negative integer, and C is a constant. For k = m modes, the additional term k−m r L 3 does not change the eigenfunctions and only shifts the eigenvalues. 4 2 The conjugate modes are:
with the non-vanishing commutators and anticommutators being:
The sums in the expressions for ∆2 are over the indices:
. 4 The eigenvalues of ∆ B k,m,n corresponding to the eigenfunctions above are:
with l =ñ + (1+k)|a| 2 factor in (13) localizes the eigenstates near the origin of field space. In subsection 2.4 we will use this fact to claim that low ∆ states cannot come from or disappear into infinity when the superpotential is switched on. The region to which ψñ ,m (ρ, ϕ) is localized depends on |m| andñ. Nevertheless, the eigenfunctions can be made as localized as we want by taking the radius of the three-sphere small enough. This means that whenever we are dealing with an object that gets contributions from a finite number of eigenfunctions we will be able to localize them as much as we want by choosing r small enough. This will serve us in section 2.4 to claim that the first N terms in the index are protected from the singularity. For larger N we will have to take smaller radius for S 3 , but since the index does not depend on the radius of the sphere the claim will follow for all the terms in the index.
To calculate the index, it is convenient to diagonalize ∆ B k,m,n using the ladder operators:
in terms of which we obtain: 5
Using the fermionic creation and annihilation operators k,m,n , ∆ F k,m,n is written as:
Reproducing the Index
We want to calculate the index: where:
and
The kernel of ∆ 2 is generated by the subset of the creation operators composed of
For q ≤ 0 there are infinitely many ∆ 2 = 0 states with R + J 3 L = J 3 R = 0 and thus the sum in (16) is ill defined. We do not know if this divergence can be fixed by an appropriate regulator. In the following we will assume that q > 0.
The index is calculated using a combinatorial trick [2, 10, 30, 31] : first the "single particle states" contributions are summed to a generating function and then the index is calculated as the plethystic exponential of the generating function. The bosonic single particle zero modes have the following eigenvalues:
Thus the bosonic contribution to the generating function is:
The fermionic single particle zero modes have the eigenvalues:
and thus the fermionic generating function is:
. 6 It is implicit in (17) that the sum is over indices corresponding to an expansion in scalar spherical harmonics, therefore B 1 k,−k−1,n do not appear in (17) and are zero modes. On the other hand, the coefficient of B The complete index is:
where Γ is an elliptic gamma function. This result agrees with the index calculated by Römelsberger in [10] .
In order for the index to have a conventional interpretation as a generating function, with a good formal expansion at t = 0, we need to take q ∈ (0, 2].
Why no Vacua can Come from Infinity
In order to obtain better understanding of the way the presence of the superpotential affects the low ∆ states, we start by considering the QM theory obtained by truncating the mode expansion to include only the k = 0 modes, and add superpotential interactions: 
In the presence of this superpotential, the lowest modes truncation of (12) gets an extra contribution of
and becomes ∆
This expression explains why low ∆ states do not suddenly appear or disappear when the superpotential is turned on: new low ∆ states cannot suddenly appear since the additional term is non-negative and therefore including it can only constrain further the low lying states. Low ∆ states do not suddenly disappear since the term proportional to |a| 2 , which appears already in the free theory, localizes the low ∆ states around a = 0 (as can be seen explicitly in (13)); For 0 < q < 2 the additional perturbation is small in this region, and therefore low ∆ states remain low ∆ states -the additional term can raise the expectation value of ∆, but this effect must be continuous in |λ| 2 . For q = 2 the perturbation that is added is a SUSY breaking constant |λ| 2 , in the presence of which no ∆ = 0 states exist, and the index is zero. This term does not cause any singularity since the ∆ eigenvalue that the states obtain is just |λ| 2 (therefore the continuity in |λ| 2 is trivial here). Indeed, it is easy to see that the index calculated for the free theory (20) vanishes for q = 2, even though the kernel of ∆ is non-trivial.
The same argument holds also for many chiral multiplets with interactions between them. In this case the Lagrangian is of the form
where W (a 1 , ..., a N ) has R-charge 2, and
Again, the superpotential contributions | ∂W ∂a i | 2 are non-negative and bounded near the origin of field space. By taking r → 0, we can make the second term in (21) dominant, thereby localizing all the wave functions near the origin.
Motivated by the lowest modes analysis we return to the full theory. As we discussed in subsection 2.2, the eigenfunctions are localized in a small region around the origin of field space in which the perturbation is small, thus low ∆ states do not disappear when the superpotential is switched on. Since the perturbation is by definition non-negative, new low ∆ states cannot suddenly appear. We therefore expect the argument above to be valid in the full theory and the independence of the index in the superpotential couplings to be protected from the singularities discussed above.
In the following we will consider also gauge theories. The same argument shows that the gauge interactions contributions to the scalar potential do not cause this type of singularity.
Application for the IR R-charges
In this section we prove a constraint on the RG flow of asymptotically free theories of chiral and vector multiplets, with unbroken supersymmetry and a non-anomalous R-symmetry. Assuming:
then:
•q j ∈ (0, 2). 7 This constraint provides a proof for a weak version of a conjecture proposed by Intriligator in [23] .
As discussed in the introduction, we will not use the index in the argument below, since its interpretation for q / ∈ (0, 2] is not currently clear to us. Still, the proof is based on the same arguments used to claim that the index is topological.
We start with a free theory (the UV free fixed point), in which the chiral multiplets Φ i have R-charges q i ∈ (0, 2), and consider the spectrum of the operators R + J 3 L and J 3 R , restricted to the kernel of ∆ 2 . Equations (18) and (19) show that R + J 3 L does not have any negative eigenvalues in the kernel of ∆ 2 (the gauge sector does not contain negative eigenvalues of R + J 3 L , as can be seen in appendix C -this fact is of course independent on the R-charges of the chiral multiplets). The operators R + J 3 L and J 3 R do not depend on the coupling constants, and have a discrete spectrum. Thus, the difference between the number of bosonic and fermionic eigenfunctions that belong to the kernel of ∆ 2 and have specific eigenvalues of R + J 3 L and J 3 R does not depend on the coupling constants. Singularities such as those suggested by Witten in [22] , whose existence could have threatened the independence of these differences in the coupling constants, were excluded by our argument in section 2.4. We conclude that also in the IR theory -if the kernel of ∆ 2 contains states with negative eigenvalues under R + J 3 L , they come in degenerate pairs of boson and fermion. It is assumed that the IR theory also has a description in terms of a free theory of chiral bound states. If some of these bound states have R-charges larger than 2, (18, 19) tell us that the kernel of ∆ 2 contains a finite number of fermionic single particle states with negative eigenvalues of R + J 3 L , while the bosonic single particle states have only positive eigenvalues. By taking the product of all the single particle states with negative eigenvalue of R + J 3 L , we build an eigenstate |min corresponding to the lowest eigenvalue that R + J 3 L assumes in the kernel of ∆ 2 . Since all the states with negative eigenvalues of R + J 3 L must be arranged in degenerate pairs of boson and fermion, we conclude that |min must have a partner with the same eigenvalues. This is possible only if the kernel of ∆ 2 contains a fermionic state |0 with R + J 3 L = J 3 R = 0 that is built only from fermionic single particle states with R + J 3 L = 0 (since |min already contains all the single particle states with negative eigenvalues). Looking again at (19) we see that the existence of |0 must also imply the existence of a fermionic single particle state with R + J 3 L = J 3 R = 0. But if the kernel of ∆ 2 contains a fermionic single particle state with R + J 3 L = J 3 R = 0 then this state defines an invertible map between bosons and fermions with the same eigenvalues, which means that for every possible set of eigenvalues the difference between the number of bosonic and fermionic eigenstates is zero. Since not all of these differences vanish in the UV theory (for the UV theory with all the R-charges in (0, 2) we can simply use the calculated index, which is non-vanishing) we get a contradiction. We conclude that the IR theory cannot contain a chiral multiplet with R-charge larger than 2.
A chiral multiplet with R-charge 2 is also forbidden: here we can use the index, which is welldefined for q ∈ (0, 2]. The index will vanish if the theory contains a chiral multiplet of R-charge 2, in contradiction to the fact that the index of the UV theory is non-vanishing. We therefore conclude that all the bound states in the IR theory must have their R-charges in the range (0, 2).
Our result is generalized for theories in which the IR free phase contains also gauge multiplets in the following way: under the same assumptions regarding the UV theory and assuming that the IR theory is described by free chiral and gauge multiplets, if the IR phase contains bound states with R-charge ≥ 2, then not all of them are gauge invariant. 8 
A Conventions
We use the conventions of [32] . The flat space metric is: 1, 1, 1) , and the sigma matrices are given by:
We use the following embedding of S 3 into R 4 :
x 1 = r cos θ cos α , x 2 = r cos θ sin α , x 3 = r sin θ cos β ,
The inherited metric on S 3 is:
We also used the following choice of orthonormal frame on S 3 : 
B Spherical Harmonics on S

3
In this appendix we collect some properties of spherical harmonics on S 3 that we used in our analysis, most of them were taken from similar appendices in [33, 34] , in which they appeared in slightly different notations. The scalar eigenfunctions of the laplacian on S 3 form a complete set of functions {φ k,m,n }, where the labels {k, m, n} are integer numbers satisfying:
2 ) representation of SU (2) × SU (2) and satisfy:
They also obey the conjugation relation
and the orthonormality relation 9
Spinors on the sphere can be expanded in a complete set of eigenfunctions of the Dirac operator, {ψ ǫ k,m,n }, where ǫ = ±1 and
The spinor spherical harmonics can be expressed in terms of the scalar spherical harmonics:
9 We are using a convention in which all the spherical harmonics (scalar spherical harmonics, vector spherical harmonics and spinor spherical harmonics) are multiplied by r Vector fields can be expanded in V ǫ k,m,n and ∇φ k,m,n . V ǫ k,m,n are the vector spherical harmonics. They belong to the (
, where ǫ = ±1. They are defined for
and they satisfy:
The vector spherical harmonics are orthonormal:
and obey the conjugation relation
C Gauge Theories on S
× R For simplicity we take the gauge group to be U (1). The Lagrangian describing free U (1) gauge multiplet in the Wess-Zumino gauge (A µ , λ α , D) coupled to free chiral multiplet (φ, ψ α , F ) on S 3 × R can be extracted from [35] :
As before q is the R-charge of the chiral multiplet, r is the radius of the three-sphere, and ∇ is the covariant derivative on the sphere. For ξ satisfying (8), the action defined by these Lagrangians is invariant under the variations:
where:
r ,Ã i = 0. 10 As in flat space, the transformation rules (24) are not purely SUSY variations, since they are composed of SUSY variation plus gauge transformation with an appropriately chosen gauge parameter, such that the modified variations do not take us out of the gauge choice. Thus, these 10 In the approach of [7] for placing the theory on S 3 × R by fixing the metric and auxiliary fields in the new minimal supergravity multiplet on a supersymmetry preserving values, Dµ represents a derivative that is covariant with respect to the geometry of the sphere, the U (1) gauge symmetry and the U (1)R symmetry.
variations do not close on the usual SUSY algebra:
Recalling that the gauge transformations of the fields are:
and that the Lie-derivatives of the fields are:
and δ R y is the R-variation of the field y (e.g. δ R φ = iqφ).
C.1 Mode Expansion
We consider the gauge sector of the theory defined above, and eliminate the residual gauge invariance by fixing A 0 = 0. This gauge choice does not require any further modification of the SUSY transformation laws (besides from setting A 0 = 0 everywhere). We expand the fields in spherical harmonics:
Here V ǫ k,m,n are the vector spherical harmonics. Some of the useful properties of these functions are summarized in Appendix B (in general, the expansion of a vector field should also include components proportional to ∇φ k,m,n where φ k,m,n are the scalar spherical harmonics, but these components are eliminated by our gauge choice).
The Lagrangian can be written in terms of these modes as: 
C.2 Reproducing the Index
In order to diagonalize ∆ 2 we define creation and annihilation operators, In order to calculate Q2 in terms of the modes we had to calculate an integral of the product of 2 spinor and one vector spherical harmonics (from the mode expansion of the gaugino, the SUSY spinor and the gauge vector), we used the formula (23) for integrals of this type, which was obtained in [33] . We have found: 
12 The sums here and in (28, 29) are over the indices corresponding to the expansion in vector spherical harmonics, i.e: k ≥ 0 , |m| ≤ k + 2 , |n| ≤ k , m ≡ n ≡ k (mod 2) for ǫ = +1 , k ≥ 2 , |m| ≤ k − 2 , |n| ≤ k , m ≡ n ≡ k (mod 2) for ǫ = −1 .
The conjugate modes are: 
The contributions to the index come from the kernel of ∆ 2 , which is generated by the creation operators C 
